High precision measurement of all six degrees of freedom of freely floating test masses is necessary for future gravitational space missions as the sensing noise is frequently a limiting factor in the overall performance of the instrument. Femto-meter sensitivity has been demonstrated with LISA Pathfinder which used a complex laser interferometric setup. However, these measurements where restricted to the length changes in one degree of freedom only. When aiming for sensing multiple degrees of freedom, typically capacitive sensing is used, which facilitates a compact setup but does not provide competitive precision. An alternative approach to improve the sensitivity beyond capacitance readout systems and to reduce the complexity of the setup, is to use optical levers. Here, we report on the realization of a test mass sensing system by means of a modulation/demodulation technique in combination with four optical levers detected by quadrant photodiodes. The results of our table-top experiment show that this configuration allows us to extract information on five degrees of freedom of a cubic test mass. With basic off-the-shelf laser diodes we demonstrate an angular resolution of below 600 nrad Hz −1/2 at frequencies between 10 mHz and 1 Hz (which is better than a conventional autocollimator) while simultaneously measuring the linear motion of the test mass with a precision of better than 300 nm Hz −1/2
Five degrees of freedom test mass readout via optical levers V Huarcaya 1,2 , G Apelbaum 1,2 , V Haendchen 1,2 , Q Wang 1,2,3 , G Heinzel 1,2 and M Mehmet 1, 2 in the same frequency band. Extension of the geometry will enable optical sensing of all six degrees of freedom of the test mass.
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Introduction
Determining and tracking the position of, or the distance between freely floating, macroscopic reference objects, typically test masses (TMs), is the underlying concept for gravity related satellite missions such as LISA (Laser Interferometer Space Antenna) [1] which is planned to be launched around the year 2030 in order to detect gravitational waves. Similarly, GRACE (Gravity Recovery and Climate Experiment, 2002-2017) [2] , its follow-on mission GRACE-FO [3, 4] , and GOCE (Gravity Field and steady-state Ocean Circulation Explorer, 2009-2013) [5] employ test mass sensing to collect data on the Earth's gravitational field. The latter three have used capacitive suspension for their accelerometers and gradiometer, respectively, where the science signal is derived from the feedback signal which keeps the TM centered within the inertial sensor by means of capacitive coupling with its specifically designed housing. The technology demonstrator mission LISA Pathfinder [6] (2015-2017) has successfully proven that laser interferometric readout can be used to achieve much higher readout sensitivity. However, the interferometric system implemented therein was limited to sensing one translational and two rotational degrees of freedom (DOFs) and simple upscaling of this technology to achieve readout in 6-DoFs would be challenging in terms of optical complexity and payload dimensions. This has triggered the investigation of novel, more compact concepts such as deep phase modulation interferometry [7] and its variant deep frequency modulation interferometry [8] which both are promising candidates to facilitate high-precision interferometric measurements with a compact optical setup.
Within the framework of developing the gravitational reference sensor (GRS) for LISA-Pathfinder, it has been shown that optical lever arms are a viable option when trying to overcome the limitations due to a capacitive readout scheme [9] . Measurements using a torsion pendulum resulted in a sensitivity of approximately 20 nrad Hz −1/2 at frequencies above 10 mHz obtained with a readout system based on a single optical lever sensed by a quadrant photodiode (QPD), which was about a factor of ten better than the reference sensitivity of the GRS [10] . The system is fairly simple and reliable but allows for exceeding the sensitivity of the capacitive sensor in both translational and rotational DOFs in a wide range of frequencies and improving the sensitivity of the GRS [11, 12] . Optical levers have been widely used for several applications in different science branches, for example, for atomic force microscopy [13] , to perform precision angle measurements in combination with interferometry [14] or for adhesion force studies [15] . Albeit not being sensitive enough to achieve the precision of stateof-the-art laser interferometry, its simple optical setup and adaptability to pre-defined geometries make the optical lever a compelling approach especially when aiming for an application where ultra-high precision is not required.
Here we report on the design and test of a readout scheme based on four optical lever arms generated from simple laser diodes reflected off a cubic TM and detected by QPDs. The spatial arrangement of the setup allows for simultaneous sensing of five DoFs of the TM. We employ a hybrid analog and digital modulation-demodulation technique for the measurements in order to avoid cross-talk between the individual laser beams and the effects of ambient light. A hexapod enabled a dynamic motion and position actuation of the TM. The analysis presented here focuses on the two translational DoFs (TM motion along x and y -axis) and the rotational DoF around the z-axis (θ). To first order, these DoFs contain the information of a TM suspended from a fiber as can be realized in a laboratory setup, for example in a torsion pendulum. In this case, the science signal would be contained in θ while the residual pendulum swing modes could be extracted from the x and y signals. These, in turn can be used to derive a suitable control signal for stabilizing the experimental platform of the torsion pendulum to provide seismic noise isolation. The simultaneous measurement of the remaining rotational DoFs φ and ψ (commonly referred to as the pitch and roll angles) provides information on the associated residual cross couplings for all measurements. By additionally measuring the two angular DoFs, θ and φ with a commercial autocollimator when a sinusoidal motion is applied to the hexapod, we show that the optical lever performs with a better sensitivity than the commercially available device.
Experimental setup
The optical setup is schematically shown in figure 1(a). Four off-the-shelf laser diodes (Thorlabs CPS635R) with an output power of approximately 1 mW at 635 nm in a collimated beam of 2.9 mm diameter, are reflected off four gold-coated mirrors attached to an aluminium cube serving as a mock-up TM. The TM is attached to a hexapod (HXP100-MECA from Newport) which serves as an actuation system for arbitrary movements via its manufacturersupplied computer interface. Each reflected beam is detected by a silicon QPD with a total active area of 95 mm 2 , split into four quadrants A, B, C, and D. The laser diodes and QPDs are rigidly mounted on a dedicated breadboard, which features a centre hole to fit the hexapod and TM, and was elevated to match the plane of the laser beams with the height of the TM. In this configuration any movement of the TM, except for a translation along the z-axis, results in a simultaneous displacement of the light spot either on two opposing or all QPDs. We developed a USB-interfaced electronics board to drive the laser diodes and to readout the QPDs via a hybrid analog and digital modulation-demodulation scheme. Each laser is intensity modulated at a frequency adjustable via an on-board field-programmable gate array (FPGA) and the frequencies were set to 21, 22, 23, and 24 kHz for LD1 to LD4, respectively. Sixteen trans-impedance amplifiers convert the resulting photo-currents of the quadrants into voltages, where the horizontal and vertical differential voltages for each photo detector are obtained by summing and subtracting circuits which generate ∆V h ∝ (A + C) − (B + D) and ∆V v ∝ (A + B) − (C + D). Subsequently, eight analog-to-digital converters (LTC2440) are used to digitize the differential signals. The FPGA is then used to multiply these signals with an electrical copy (local oscillator) of their corresponding modulation frequency to obtain the measurement signals for each QPD. By using differing frequencies and matching local oscillators for each of the four lasers and the respective QPD channel, the measurement signal of one optical lever arm is insensitive to stray light or residual reflections from the other three as well as ambient light. The output of the FPGA is a time-series of the vertical and horizontal signals ∆V QPD i,v and ∆V QPD i,h (i = 1, ..., 4), respectively, measured with a sampling rate of 1059 Hz and stored as a multi-column ASCII file. As shown below, these output signals contain the information on the TM motion in five degrees of freedom: the translations along the x-and y -axis and the rotation around the z-axis given by θ, plus the rotation on the translational axes given by φ and ψ. As can be seen from figure 1, displacing the TM along the x-axis (∆x TM ), assuming perfect alignment, does not result in any displacement of the spot on QPD 2 and QPD 4 , but yields a displacement ∆ h QPD with opposite sign on the two detectors QPD 1 and QPD 3 that depends on the angle of incidence β (0 < β < π/2), and is given by
The displacement due to a TM rotation ∆θ TM in the x-y -plane is common mode on all detectors and depends on the optical lever length, l, measured from the TM mirror to the QPD:
where we have assumed equal lengths for all four optical levers. It is evident from equations (1) and (2) that both motions contribute to the same differential signal, and therefore the total displacement for a TM motion along the x-axis is given by
and due to symmetry, QPD1 1 and QPD 3 provide a similar expression for the TM motion along the y -axis,
The vertical displacements due to pure rotation of the TM around the two remaining angular degrees of freedom ψ (rotation about x-axis) or φ (rotation about y -axis) contribute to the signals on two opposing sensors only. Since the laser is not perpendicular to the plane of rotation for these DoFs, the length of the optical lever scales with the cosine of the angle of incidence, yielding
and likewise
Consequently, the output voltages that are generated by our measurement device for any movement of the laser beams across the four QPDs can be described with the following matrix equation:
where ∆V comprises the vertical and horizontal output voltage signals, A is the 5 × 8 matrix that describes the geometric relationship between the five degrees of freedom of the TM and the eight displacement signals, and the entries of B are the 5-DoFs of the TM. C is a diagonal matrix that contains eight calibration factors which comprises four factors (C i,h ) for horizontal and four factors (C i,v ) for vertical movement of the beam across the active area, respectively, where i = (1, ..., 4) belong to the respective QPDs used in the setup, l = 0.225 m is the optical lever length and β = 45 • is the angle of incidence.
To derive the TM readout from the raw data given by ∆V, we compute the inverse matrix (C · A) −1 that links the output signals from the QPDs to the TM displacement. Since C · A is not a square matrix, we compute (C · A) −1 by using the left pseudo-inverse matrix
Consequently, the readout of the TM for 5-DoFs can be finally computed as
The calibration factors in the matrix C depend on the shape of the laser beams hitting the sensitive area of the QPDs and the electronic gains of the amplification stages that are used to convert the incident light into differential voltages. C is diagonal due to the independence of each QPD and since the lasers are different for each QPD, the values C i,h/v will differ from one to another. To be able to determine the calibration factors and the performance of the optical lever for arbitrary configurations we developed a numerical simulation to predict the response of our system to a motion of the TM. The input to our model were the intensity matrices extracted from images of the laser intensity distributions which were taken with a CMOS beam analyzer camera placed in the respective positions of the four QPDs. As an example, the simulated differential power signal on QPD2 due to the TM moving along the x-axis is plotted in figure 2 . The inset shows the corresponding camera image of the beam impinging onto QPD 2 .
From the analytical model we can deduce how a change of the geometry and/or the beam shape will affect our measurements, as for example, a smaller laser spot will reduce the dynamical range, while the slope and hence the sensitivity will increase equally for sensing ∆x TM , ∆y TM and ∆θ TM . From our model, the values of the calibrations factors C i,h/v can be obtained by estimating the linear slope for ∆x ≈ 0 due to a horizontal beam displacement. In order to verify the results, we performed a direct calibration for each QPD. To this end, we measured the response to horizontal beam displacement by mounting each QPD on a micrometer translation stage. The voltage signal was recorded as a function of the displacement perpendicular to the incident laser beam. Subsequently the slopes or calibration factors, C i,h , were obtained by a linear regression. The good agreement between simulation and the directly measured calibrations factors allows us to predict the corresponding factors for a vertical beam displacement, which are required for extraction of the rotation angles ψ TM and φ TM . The QPDs readout voltages can be normalized with respect to the maximum voltage which is found by pointing the laser spot onto one half of the respective QPD. This voltage is then used as a dividing factor for all measurements. As long as the laser spot is inside the QPD the normalized readout values ∆V N,QPD i are between [−1, 1]. By assuming linearity and small displacements we obtain a full model for the vertical and horizontal QPD signals. The results of both experimental and computational values and their deviation are shown in table 1. 
TM motion sensing
In order to test the system response to a dynamic TM motion we used the hexapod as an actuation stage. Different control programs were developed that allow the motion of the TM in x, y and θ. Independent measurements were taken for the three types of hexapod motion. The resulting time series for the derived TM motion in five DoFs are plotted in figure 3 . The longitudinal displacements along x and y are given in µm and the rotation around the 3 axis are given in mrad. For the two translational degrees of freedom the hexapod performed a motion from 0 to −300 µm and to +300 µm, respectively. For the angular displacement, i.e. rotation around its vertical symmetry axis, the hexapod was programmed to perform a quasi-sinusoidal motion with an amplitude of ±1.05 mrad and period of ∼ 12.6 min. As expected, the derived signals for the associated intended motion (blue traces) are the most dominant ones for each column. For perfect symmetry, all remain signals should be zero. However, due to imperfections of the setup, for every motion we find cross couplings (red traces) to the other degrees of freedom. For example, the cross coupling between x-and y motion can be explained by an angular mismatch of the TM coordinate system with respect to the hexapod basis. A deviation of only 5 µrad accounts for the observed coupling coefficient of 1/200 (3 µm cross-coupling due to 600 µm TM translation). The coupling of translation into the rotational degrees of freedom can be caused by non-parallel mirror surfaces which is likely due to the limited accuracy of the mechanical construction. The cross coupling for a hexapod rotation (right column) can be the result of a tilt and/or displacement mismatch between the z-axis of TM and hexapod. Furthermore, the cross couplings also show a non-negligible hysteresis of the hexapod as the start and stop position for every motion were programmed to be the same, but the corre sponding signals do not always match. The three main degrees of freedom analyzed above, were chosen because to first order, these describe the motion of a TM suspended from a thin fiber as it is the case in a torsion balance and the first application of our device will be to sense the corresponding motion in order to control and stabilize its operating point. Sensing the associated pendulum swing modes requires knowledge about the TM translation while the science signal is contained in the rotation. By disentangling rotation from translation, we plan to extract a suitable feedback signal to counteract the unwanted swing modes which are excited, for example, by the seismic coupling into the measurement band. The signals for the remaining two degrees of freedom, ψ TM and φ TM , will aid to mitigate cross-couplings and misalignments in a future setup. Later on, these signals will be helpful to study the behaviour of the torsion balance under operation. Calibration Factors 
Performance and sensitivity
To investigate the performance of our system we conducted a simultaneous measurement of the TM motion θ TM and φ TM with our optical levers and an autocollimator (Trioptics TA 100-38). The autocollimator measures small angular displacements by measuring the angle between its own transmitted and received collimated beam of light and is a standard tool to determine small angular displacements, for example, to align components in an optical setup and to detect tiny rotations of a reflecting surface such as a laser mirror. These devices are typically used to sense the rotation in torsion pendulum experiments [16] . The measurements are shown in figure 4 , for which we performed five cycles of a sinusoidal TM motion with an amplitude of ∼0.5 mrad and period of ∼12.6 min. The sampling frequency of the acquisition was 1059 Hz for the optical lever and 44.5 Hz for the autocollimator acquisition. The readout of the TM rotation angle θ TM , which is the nominal motion in this measurement, is plotted in figure 4(a) . We observed a good agreement between both data sets. The difference in amplitude is probably caused by the misalignments present in the setup. The associated cross-coupling into φ TM is shown in figure 4(b) . We find a discrepancy between the two measurement methods of the order of 1 µrad. This is close to the resolution limit of the autocollimator, which according to the technical data provided by the manufacturer has a resolution of around 0.5 µrad and an accuracy of 12.5 µrad. The sharp peaks present in the collimator data are measurement artifacts, probably caused by electronic pick-up, and do not represent measurements values. Figure 5 displays spectral densities of the angular sensitivity obtained from the measured times series via a Fourier transform algorithm [17, 18] . In figure 5 (a) we have plotted as trace (a) the spectral density of the electronic dark noise of our apparatus measured while in operation but with all laser diodes blocked such that no light was reaching the photo detectors. This trace lies at a level of around 50 nrad Hz −1/2 which, for the given setup, sets a lower limit to the achievable sensitivity level. Trace (b) is the noise performance with all four optical levers active but without any intentional movement of the hexapod and trace (c) shows the equivalent measurement done with the autocollimator. These steady state sensitivities are about 3.3 × 10 −7 rad Hz −1/2 at 100 mHz for the optical lever and 4.2 × 10 −6 rad Hz −1/2 for the autocollimator, respectively. In the frequency band from 10 mHz to approximately 2 Hz the minimum resolvable rotational motion obtained with our optical lever system is about one order of magnitude below the autocollimator sensitivity. The same analysis as for trace (a) and (b) was performed for the translational degrees of freedom (figure not shown) which yielded a steady state sensitivity of approximately 200 nm Hz −1/2 at 100 mHz with the electronic dark noise limit at the level of 20 nm Hz −1/2 . To estimate and compare the two independent measurement methods we used the same rotational hexapod motion as for the time series presented in figure 4(a) . The noise performances obtained with this sinusoidal motion are shown in figure 5(b). Both the optical lever and the autocollimator measurements, plotted in trace (d) and (e), respectively, yield the same signal signature correctly recovering the driving frequency of 1.3 mHz. However, at frequencies above approximately 60 mHz the lower noise floor of the optical lever system allows for a significantly better performance than the autocollimator. This even enables the recovery of the harmonic peaks due the discontinuous nature of the hexapod motion. The entire setup had neither seismic nor acoustic isolation and the tests were performed without considering beam jitters, current noise and other external noise sources such as mechanical vibrations, air currents, or temperature variations causing thermal drifts. By introducing proper mitigation strategies the large difference between trace (a) and (b) can most likely be decreased to improve the sensitivity even further.
Conclusion
We have presented an optical test mass readout system based on the combination of four optical levers and quadrant photodiodes. Our systems allows for an independent measurement of the five degrees of freedom x TM , y TM , θ TM , ψ TM , and φ TM of a cubic test mass. We have shown that these can be measured simultaneously and that our signal analysis allowed us to disentangle TM rotations and translations. This feature was used to reveal cross couplings due non-perfect alignment of the setup and the hysteresis introduced by the hexapod. Albeit being a simple and economic device built from off-the-shelf laser diodes and QPDs, we were able to demonstrate an angular and translational resolution below 600 nrad Hz −1/2 and 300 nm Hz −1/2 , respectively, at frequencies between 10 mHz and 1 Hz. We compared the rotational sensing performance against a commercial autocollimator. The angular displacement spectral density yielded a sensitivity of 330 nrad Hz −1/2 at 100 mHz which was about an order of magnitude below the simultaneously recorded data from the autocollimator (about 4.2 µrad Hz −1/2 ). Furthermore, the better signal-to-noise ratio enabled signal analysis at frequencies above 100 mHz revealing the higher harmonic peaks due to the discontinuous motion of the hexapod. The first application of our sensor system will be to distinguish between the rotational and swing modes of a torsion pendulum in order to extract a suitable feedback signal for stabilization of the operating point. Since this system will operate under high vacuum, we expect an even better sensitivity as noise sources such as temperature fluctuation, air flow, and acoustic coupling will be smaller. In future the geometry could be extended by an additional optical lever which senses the vertical motion of the TM to realize an all optical 6 degree of freedom TM sensor.
